Abstract. We derive an extension of the standard time dependent WKB theory which can be applied to propagate coherent states and other strongly localised states for long times. It allows in particular to give a uniform description of the transformation from a localised coherent state to a delocalised Lagrangian state which takes place at the Ehrenfest time. The main new ingredient is a metaplectic operator which is used to modify the initial state in a way that standard time dependent WKB can then be applied for the propagation.
Introduction
The semiclassical propagation of wave packets is of fundamental importance in many applications of quantum mechanics and has therefore been studied extensively in the literature [1] [2] [3] [4] [5] [6] [7] [8] [9] . Time dependent WKB approximations apply to extended initial states of the form ψ(x) = A(x)e i S(x)
where the phase function S(x) is real valued and smooth and the amplitude A(x) is smooth and non-oscillating. The time evolution of such states can be expressed in terms of transport along a family of classical trajectories determined by initial positions x and initial momenta p = ∇S(x), see, e.g., [2, 5] . A different class of initial states is given by coherent states, see, e.g., [3, 7] , which are strongly localised and therefore their propagation can be described up to certain times using only one trajectory and the linearised motion around it. A Gaussian coherent state is a function of the form where Z = (p, q) ∈ R 2n is a set of parameters which determine where the state is localised in phase space and B is a complex symmetric n × n matrix with Im B > 0. The latter condition ensures that the state is localised around x = q. The roles of B and Z become clearer if we look at the Wigner function of such a state, which is a Gaussian of the form W (z) = 1 (π ) n e −(z−Z)·G(z−Z)/ ,
with phase space coordinates z ∈ R n ×R n and where G is a positive definite symmetric and symplectic matrix determined by B. As was described by Hepp and Heller [10] [11] [12] [13] , the time evolution of a coherent state can in the semiclassical limit be described by using just the classical trajectory Z(t) = (p(t), q(t)) through Z and the linearised flow around it which is a time dependent 2n × 2n symplectic matrix S(t). This simple description of the semiclassical propagation of coherent states made them a very useful tool in many applications, in particular in chemistry due to the work of Heller and coworkers and their appearance in initial value representations like the Herman-Kluk propagator [3, 4, [13] [14] [15] [16] [17] [18] We will be using time dependent WKB methods developed for states of the form (1) to understand the propagation of the states (2) for long times. In order to identify the relevant time scales it is useful to consider the Wigner function of the time evolved coherent state which in leading order is given by W (t, z) ≈ 1 (π ) n e
−(z−Z(t))·G(t)(z−Z(t))/ (4) where G(t) = S † (t)GS(t) and S(t) is the linearised flow around the central trajectory Z(t).
The basic idea leading to this approximation is that since a coherent state is localised around a point in phase space one can approximate the Hamiltonian by its quadratic Taylor expansion around the classical trajectory Z(t). The resulting Schrödinger equation can then be solved explicitly. This approximation can only be expected to be accurate as long as the propagated state stays localised, and from (4) we see that this is the case as long as λ min [G(t)]/ 1, where we denote by λ min/max [G(t)] the smallest or largest eigenvalue of the matrix G(t) = S t (t)GS(t), respectively. Since G(t) is symmetric and positive we have λ min [G(t)] > 0, and that G(t) is symplectic implies that 1/λ min [G(t)] = λ max [G(t)], so the localisation condition becomes λ max [G(t)] 1 .
In order to relate this more explicitly to the properties of the classical dynamics we use the estimate λ max [G(t)] = G(t) ≤ C S(t) 2 and so the condition becomes S(t) √ 1. Here we use for a matrix A the norm induced by the Euclidean norm x = √ x · x, i.e., A := sup x =1 Ax x . The time at which the width of a propagated coherent state reaches order one is called the Ehrenfest time T E ( ), and by the previous discussion we see that it is determined by the condition
Hence the Ehrenfest time depends on the dynamical properties of the classical system near the trajectory Z(t). If the trajectory Z(t) is hyperbolic, with largest Liapunov exponent λ > 0, then S(t) ∼ e λt and so
on the other hand side, if the dynamics is integrable we typically have S(t) ∼ t for large t and then
Ehrenfest showed in his classical paper [19] how one recovers classical mechanics from quantum dynamics by considering expectation values in propagated localised states. His construction breaks down if the state becomes delocalised, hence the name Ehrenfest time for the time scale at which this happens. In more recent years the behaviour of time evolved coherent states for long times has attracted the attention of mathematicians and rigorous estimates for long times have been derived, in particular in [20, 21] it was shown that the remainder terms stays small for times satisfying |t| < 1 3 T E in the hyperbolic case. One should emphasise however that the breakdown of Ehrenfest's argument at the Ehrenfest time does not mean that the quantum to classical correspondence breaks down, it only means that the approximate propagation of a wave packet based on one central trajectory breaks down. If one includes more trajectories one can use semiclassical propagation well beyond the Ehrenfest time as has been demonstrated in [22, 23] , although from a mathematical point of view this is still a challenging problem.
The principal aim of this work is to present a propagation scheme for coherent states which works at times of the order of the Ehrenfest time t ∼ T E , and is able to describe the transition from a localised state (2) to an extended state (1) at the Ehrenfest time in a uniform way. In a previous paper [24] it was demonstrated that at the Ehrenfest time a coherent state which is transported along a hyperbolic trajectory becomes effectively a WKB state of the type (1) associated with the unstable manifold of that trajectory. Here we will give the theoretical foundation for that claim presenting a new propagation scheme which is a combination of a time dependent WKB approximation and a metaplectic correction.
The qualitative change in the nature of the state at the Ehrenfest time was described in [25] for the cat map and in [26] for the propagation of coherent states centred on unstable fixed points in one-dimensional multiple well potentials. In contrast to the present approach that work was not based on direct propagation of the state in the position representation but on the Wigner function and the Egorov theorem from [27] . That means in particular that we can give a much more detailed description of the state at and beyond the Ehrenfest time.
The plan of the paper is as follows. In Section 2 we recall time dependent WKB theory for the propagation of states of the form (1) and rewrite it in an exact form where we explicitly separate the classical transport and the quantum dispersion. The main idea of this paper is then developed in Section 3 where we show how to approximate the action of the dispersive part on a coherent state using a simple metaplectic operator and combine this with time dependent WKB approximation to obtain a method which allows to describe the propagation of coherent states at and beyond the Ehrenfest time. In Section 4 we develop the phase space geometry underlying the metaplectically extended WKB method. This allows us to determine its range of validity, in particular its dependence on dynamical properties of the classical system. We then develop the geometric picture even further in Section 5 to allow more general Hamiltonians and the inclusion of caustics after the Ehrenfest time, the price we have to pay is that remainder estimates become less explicit now. The last two sections are devoted to examples. In Section 6 we consider a couple of simple explicitly or almost explicitly solvable examples which demonstrate in some detail how our method works in practice. We show in particular that for a potential barrier we can describe the transition from transmission to reflection near the critical energy in a uniform way. In Section 7 we reconsider the situation from [24] and demonstrate how our method reproduce the results. As a particular application this shows using [28] that in a strongly chaotic system coherent states become semiclassically equidistributed beyond the Ehrenfest time. In the end we summarise our results in the conclusions. In the appendix we collect some more technical results from semiclassical analysis we use in the main body of the work.
Time dependent WKB
Our method is an extension of the well known time dependent WKB method for real valued phase functions. So we start by recalling this method, and to keep the discussion simple we restrict ourselves first to the case of the standard Schrödinger equation with potential V in R n , which in appropriate units reads
in Section 5 we will discuss a more general setting. We want to solve this equation for an initial state of the form ψ = A 0 e i S0 , where S 0 is real valued. Inserting the usual WKB ansatz
with S(t, x) real valued, into the Schrödinger equation gives an expression which we separate, following the standard treatment [5] , into the following two equations
If A does not depend on , then this is a splitting into different powers of . Equation (11) is the Hamilton-Jacobi equation and its solutions are described using the propagation of the Lagrangian manifolds defined by p = ∇S(t, q), i.e.,
which are transported by the Hamiltonian flow associated with the classical Hamiltonian
We will analyze this further in Section 4. The phase function S(t, x) often exists only on a finite time interval and develops singularities if caustics appear, then one has to use a refined Ansatz. Because of the association with Lagrangian submanifolds WKB states of the form (10) are often called Lagrangian states in the mathematical literature [29, 30] .
If we ignore in (12) the term of order on the right hand side, then this is a transport equation which describes how the amplitude A is transported along the Lagrangian manifold Λ t . Let us define the transport operator T (t) as the solution to the transport equation
where the operator in brackets on the right hand side is self-adjoint, hence T (t) is unitary. Then if we make for A(t) an ansatz
with an operator D(t) which is to be determined, and insert this into (12), then we obtain for D(t) the equation
where
and with initial condition D(0) = I. Since ∆(t) is self-adjoint, D(t) is unitary as well.
From a more detailed analysis of the operator T (t) in Section 4.2 we will learn that ∆(t) is a generalised Laplacian of the form
see (49) . Collecting all terms we have a solution to the original Schrödinger equation of the form
So the time evolution is described by three parts, (i) propagation of the Lagrangian manifold Λ t , (ii) classical transport of the amplitude by the unitary operator T (t) and (iii) quantum dispersion described by D(t). Note that both T (t) and D(t) depend on the initial state via the initial phase function S 0 .
The main condition we need in order that (19) holds on a time interval [0, T ] is that the projection of Λ t to position space is smooth for all t ∈ [0, T ], i.e., that Λ t does not develop caustics. Under this condition the representation (19) is exact, and S(t) and T (t) are both determined by transport along classical trajectories in phase space, the only contribution not yet linked to classical dynamics is the dispersive part D(t). We get the usual WKB result by neglecting the dispersion, i.e., by replacing D(t) by the identity I. To see what kind of error we make by doing this we can use Duhamel's principle which we will state in general form for later use as well [20] . Let H(t) andĤ 1 (t) be two time dependent self-adjoint operators, and U (t) and U 1 (t) the time evolution operators generated by them with initial conditions U (0) = U 1 (0) = I, then
This formula allows to estimate how close the time evolutions generated by two different Hamiltonians are to each other. If we chooseĤ(t) = − 2 2 ∆(t) andĤ 1 = 0 then U (t) = D(t) and U 1 (t) = I, and (20) gives
Since D is unitary we obtain then directly
So if the second order derivatives of A 0 are bounded and the coefficients of ∆(t) are not growing with t, then the solution to Schrödinger's equation satisfies.
which is the standard time dependent WKB result. Furthermore Duhamel's formula can be iterated and gives an expansion with error term of order O(( |t|) N ) if the the first 2N derivatives of A 0 are bounded and the coefficients of ∆(t) don't grow with t, [20] .
Metaplectic extension of WKB
We would like to apply (19) to a coherent state, i.e., a state of the form (2) . With
2 (x−q)·B(x−q) this state is of the form we can use in (19) , but now
so (22) does not allow us to use the standard WKB approximation D(t) ≈ I. The way to solve this problem is to approximate the action of D(t) on A 0 not by the identity, as in the WKB method, but to borrow from the standard propagation of coherent states and approximate the generator of D(t) by its Taylor expansion around the centre of A 0 up to second order. Since D(t) acts on a state which is concentrated in position space at x = q and in momentum space at p = 0 this means that we freeze the coefficients of ∆(t) at x = q and approximate D(t) by the operator generated by it.
To formalise this idea we introduce for
which shifts by q and then rescales in , so that (L q a)(x) is concentrated around x = q, e.g., if a(x) = π −n/4 e −xBx/2 then A 0 = L q a is the amplitude of the coherent state (2) considered above. Now inserting A = L q a into (16) gives for a the equation
and we will approximate the operator on the right hand side by
By (18) one finds that ∆ q (t) = α ij (t, q)∂ i ∂ j and
in the sense thatQ q (t)a(x) = O t ( √ ) if a is smooth and has bounded derivatives. So the operator ∆ q (t) is indeed obtained from ∆(t) by freezing the coefficients at x = q and furthermore discarding the first order terms. In (52) we will obtain more explicit bounds on (28) in terms of the classical flow.
Therefore if we define the operator D q (t) by 
and, since D(t) and L q are unitary, we get from (28)
The t-dependence in the remainder term will be governed by the behaviour ofQ q (t).
In the next section we give conditions on the initial state and on the classical dynamics under which the coefficients ofQ q (t) stay bounded, see (51) and (52). To summarise our results so far, if ψ 0 = A 0 e i S0 where A 0 = L q a is concentrated around q, then the time evolved state is given by
so we can use standard time dependent WKB to propagate coherent states if we include the additional operator D q (t). This operator has a quadratic generator and is therefore a metaplectic operator, see [3, 31, 32] , and so we call it the metaplectic correction to the standard time dependent WKB method. In order to understand the behaviour of D q (t) in some more detail we have to look at the propagation of the Lagrangian manifold Λ by the classical dynamics, and the associated geometric interpretation of our extended time dependent WKB scheme. This will be the subject of the next section. We finally note that it is sometimes useful to work with
A 0 and we can allow for A 0 to be of a more general form than the one induced by the specific scaling with L q , as long as it is concentrated around x = q. Notice that M q satisfies the equation
and the time evolution of an initial state ψ 0 = A 0 e i S0 , where A 0 (x) is concentrated around x = q, can be approximated by
Geometric interpretation
In order to understand the scope and the accuracy of the metaplectic extension of time dependent WKB theory we outlined in the previous section, we have to understand some of the geometry underlying it. We will see that in particular the time dependence of the remainder term is governed by the way in which the classical flow transports the initial Lagrangian manifold Λ. Furthermore, a proper understanding of the geometry will allow to extend the scheme beyond caustics.
Transport of the Lagrangian manifold
Let us first return to the solutions of the Hamilton Jacobi equation (11), which we will discuss for a general Hamiltonian H(ξ, x),
As is well known, there are two main ingredients involved in the solution, see e.g., [5, 29, 30] . The first is the transport of the initial Lagrangian manifold
where U ⊂ R n is an open set which contains the support of the amplitude A(x). Let us denote by Φ t (ξ, x), where (ξ, x) ∈ R n × R n , the Hamiltonian flow generated by H, i.e., Φ t (ξ, x) = (p(t), q(t)) where (p(t), q(t)) are the solutions to Hamiltons equationṗ = −∇ q H(p, q) andq = ∇ p H(p, q) with initial conditions p(t = 0) = ξ and q(t = 0) = x, respectively. Using this flow we can transport the Lagrangian manifold Λ and get a family of Lagrangian manifolds
We will call the initial Lagrangian manifold Λ non-contracting (with respect to the flow Φ t ) if there exists a C > 0 such that for all t > 0
Here dΦ
Λ t is the restriction of the linearised flow at z = (p, q) to Λ which is given in local coordinates by the matrix of the derivatives of the components of Φ t with respect to the coordinates on Λ. This condition means that, roughly speaking, trajectories starting nearby on Λ do not coalesce into each other. An example for a non-contracting submanifold is the unstable manifold of a hyperbolic trajectory, and more generally, if a system is hyperbolic then any submanifold which is transversal to the stable foliation is non-contracting. Stable manifolds are then of course examples of manifolds which are contracting, and so not non-contracting. In an integrable system any manifold which lies in the regular part of the foliation of phase space into invariant tori is non-contracting.
The second ingredient needed to determine S(t, x) is the projection of Λ t to position space along the momentum directions, i.e., we take the projection π : R n p × R n q → R n q defined by π(p, q) = q and restrict it to Λ t . If this map,
has no singularities, i.e., π(Λ t ) = U t does not contain any caustics of Λ t , then there exist, at least locally, a phase function S(t, x) such that
for some open set U t ∈ R n . By assumption π Λ0 : Λ 0 → U 0 ⊂ R n is smooth so we can invert it, with inverse given by π −1 Λ0 (x) = (∇S(0, x), x), and hence we can form
which is a map from U → U t , and if π Λt is smooth, it is a smooth and invertible map. But notice that φ Λ (t) is not a flow. Analogously to the above notion of noncontracting, (38), we say that
independent of t ≥ 0, where φ Λ (t, x) denotes the matrix of first order derivatives of the components of φ Λ (t, x). A necessary condition for φ Λ to be non-contracting is that Λ 0 is non-contracting, but in addition we need that the projection π : Λ t → R n is not singular. This implies that we have to stay away from caustics.
The transport operator
Another description of the map φ Λ (t, x) is as follows: take the trajectory (p(t), q(t)) = Φ t (ξ, x) which starts at t = 0 at q(t = 0) = x with initial momentum ξ = ∇S(x), then the map φ Λ (t, x) is the q component of this trajectory, φ Λ (t, x) = q(t). Since by Hamilton's equationsq = ∇ p H(p, q) and on Λ t we have p = ∇S(t, q), we find that φ Λ (t, x) is the unique solution to
Notice that we allowed here for a general Hamiltonian, and not only one of the simple form kinetic plus potential energy.
We will now show that the transport operator T (t) defined by (14) can be written using this map as
By comparing this formula with Appendix A.2 and using (43) we see that the operator in (44) satisfies
whereK(t) is the Weyl quantization of the function
In particular we see that for the special case H =
and comparing with the transport equation (12) proves our claim.
The metaplectic correction
We can use this observation to give a more detailed description of the operator
This is an application of Egorov's theorem and the technical details are given in Appendix A.3.2, where we show that the Weyl symbol of this operator is given by
where A(t, x) is a symmetric matrix given by
and (φ Λ . Bounds on the coefficients of the operator ∆(t) play an important role in estimating the accuracy of the time dependent WKB propagation and the metaplectic extension, because ∆(t) appears in the error terms (22) and (31) . This is where the non-contraction condition we introduced above becomes important, by (42) we have that if φ Λ (t) is non-contracting then
hence the operator ∆(t) has bounded coefficients. We can now give as well a more explicit description of the operator ∆ q (t). A short calculation shows that for a phase space function H(ξ, x) which is quadratic in the momentum ξ we have L *
If φ Λ (t) is non-contracting then the remainder is bounded uniformly in time.
Since we have now an explicit expression for ∆ q (t) we can compute the action of the metaplectic operator D q (t), defined by (29) , on a function a. Set
and letâ(ξ) = e −ixξ a(x) dx be the Fourier transform of a, then
Similarly we find for the rescaled operator M q (t) that integrating (33) gives
whereÂ (ξ) = e 
The role of the initial manifold
The localised initial states we consider are of the form ψ = (L q a)e i S , and the phase function determines the initial Lagrangian manifold which is crucial for the semiclassical propagation scheme we presented. The question we want to consider now is if the state ψ determines the Lagrangian manifold uniquely, or in other words, if there might be other functionsã andS such that ψ = (L qã )e i S . In that case we would have some freedom in the choice of the initial Lagrangian manifold we use for propagation. The condition (L q a)e i S = (L qã )e i S gives after multiplication by e
and by Taylor expansion we see that
where R( , q, x) is a smooth real valued function. The first term on the right hand side gives just a constant phase factor, so if
thenã defines a nice smooth function. But this conditions means that the two Lagrangian submanifolds Λ andΛ, generated by S andS, respectively, intersect at (p, q) = (∇S(q), q). We therefore conclude that in order to propagate a state localised around a phase space point (p, q) we can use any Lagrangian manifold through that point which is non-contracting. This freedom of choice can be used to select for instance initial manifolds for which the propagation becomes particularly easy, e.g., some for which no caustics develop. In the case that the trajectory through (p, q) is hyperbolic, any Lagrangian submanifold which is transversal to the stable directions is non-contracting, and hence can be used for propagation. Although it seems most natural to take the unstable manifold, any other manifold which is sufficiently transversal to stable direction will converge exponentially fast to the unstable manifold and hence should work with comparable efficiency. We test this with the example in Section 7.
Relation to standard coherent state propagation and time scales
For times which are short compared to the Ehrenfest time our approach should reproduce the standard results on coherent state propagation. For the general class of initial amplitudes of the form (25) the propagation is reviewed in [33] . A propagated coherent state is of the form
where (p(t), q(t)) is a classical trajectory, l(t) an action type phase which includes as well Maslov terms, and a (t, x) = a 0 (t, x) + √ a 1 (t, x) + · · · with leading term given as the solution to
This means that the centre of the state is propagated along the trajectory (p(t), q(t)) and its shape changes according to the linearised dynamics around the centre.
If we expand S(t, x) around x = q(t) up to second order then we find that we can write our approximation (32) in the form (60) with
Now using the operator identities
which all follow by direct computation, we obtain with ∇S(t, q(t)) = p(t) =q(t) that
where S and its derivatives are all evaluated at x = q(t). If we furthermore use
2 x·S x and combine this with (67) we find
Finally from the Hamilton-Jacobi equation (11) we get −x ·Ṡ x − |S x| 2 /2 = x · V x, hence the leading term a 0 (t, x) satisfies (61).
This was a formal computation which showed that our result reproduces the previously existing results, but it didn't gave much insight where the standard approximation might break down. To see this more clearly let us just look at the amplitude T (t)L q b with b = D q a. By Taylor expansion around x = q(t) = φ Λ (t, q) we have φ
From this expression we see that the state will be localised around
and since φ Λ (t, x) is a projection of the flow from phase space this is satisfied if t T E ( ). On the other hand side, if √ φ Λ (t, q(t)) ≈ 1, then the amplitude is no longer localised around a point, and the state becomes a Lagrangian, or WKB state.
A generalised propagation scheme and caustics
So far we have avoided the discussion of caustics, but although there are situations where no caustics occur, in many interesting situations we expect caustics to develop. A caustic is the image in position space R n of the singularities of the projection π Λt : Λ t → R n , that means at a caustic the tangent plane T z Λ t to Λ t at a point z = (p, q) ∈ Λ t becomes vertical in the sense that T z Λ t ∩ V z = {0} where V z = {(ξ, q) ; ξ ∈ R n } denotes the vertical subspace. In a neighbourhood of a caustic the manifold Λ t can no longer be represented by a generating function S(t, x) as in (40), and so the simple time dependent WKB propagation we presented above can no longer work. This problem is usually solved by switching to a different representation of the quantum state, e.g., taking the Fourier transform switches from the position representation to the momentum representation and in this new representation we have to consider instead the projection of Λ t to momentum space.
We want to use a method which allows for a bit flexibility, so that we can accommodate all possible different representations. To this end we look at how we can in general approximate the full Hamiltonian H by a simpler Hamiltonian H 1 in a way that the propagation of Lagrangian states initially associated with Λ can be approximated using H 1 . The crucial observation which will guide our conditions on H 1 is that if B(p, q) and A(x) are sufficiently smooth functions andB is the Weyl quantisation of B, thenB
where B Λ (x) = B(∇S(x), x), this is a classical result, see, e.g, [30] . This means that the Lagrangian state is concentrated in phase space on Λ, in particular if
Since a propagated Lagrangian state is concentrated near the propagated Lagrangian manifold Λ t = Φ t (Λ), where Φ t is the Hamiltonian flow generated by H, we expect that if H 1 is close to H near Λ t then it will provide an accurate approximation for the purpose of propagating states concentrated near Λ t . The conditions for a function H 1 to be a general first order approximation of H near Λ t are (H − H 1 (t))| Λt = 0 , and (∇H − ∇H 1 (t))| Λt = 0 .
These conditions ensure that the Hamiltonian vector fields generated by H and H 1 agree on Λ t , hence if we denote by Φ t 1 the time t map generated by H 1 , then
i.e., the classical dynamics agree when restricted to Λ. Let us now turn to the quantisations of H and H 1 . Let U (t) and U 1 (t) be the time evolution operators generated byĤ andĤ 1 , respectively, then we expect by (74) that U (t)ψ ≈ U 1 (t)ψ for a Lagrangian state associated with Λ. To verify this we make an Ansatz
and inserting this into the Schrödinger equation for U (t) gives for V (t) the equation
By Egorov's theorem, see Appendix A.3, the operator δH(t) is in leading order in the quantisation of H − H 1 transported along the map Φ t 1 , i.e.,
This implies by (73) that
and therefore by (72) we have for an initial state of the form ψ = A 0 e i S0 , where A 0 has bounded derivatives, that
Thus the generator of V (t) is small when applied to ψ and therefore Duhamel's principle, (20) , gives
hence U 1 (t)ψ is a good approximation for U (t)ψ if ψ is a Lagrangian state. This is a generalisation of the standard time dependent WKB method presented in Section 2. The choice of H 1 corresponding to the results in Section 2 is
which we obtain from H(p, q) = H(∇S(t, x)+ξ, x) as a first order approximation in the shifted momentum ξ = p − ∇S(t, x). For a Hamiltonian of the form H =
one finds using Appendix A.
, and so by comparing this with (14) and (11) we see that in this case we have
and
So how does a caustic affect this relation? In defining H 1 we used coordinates (ξ, x) near Λ t defined by p = ∇S(t, x) + ξ and q = x, so that Λ t = {ξ = 0}, but at a caustic this coordinate system becomes singular. In order to repair this we can just use a different canonical coordinate system near Λ t , one which does not become singular, and choose for H 1 the first order Taylor approximation in the transversal coordinates. The only problem we might encounter with this more general version of time dependent WKB theory is that the control of the time dependence of the remainder term (80) becomes more involved. In Section 2 we were able to take advantage of the very explicit version of Egorov's theorem from Appendix A.3.2 to reduce this problem to the non-contractiveness of the transport map φ Λ (t). For different choices of H 1 this problem can become much harder and we reserve a more thorough investigation for the future. But this question concerns our ability to get explicit error estimates, it does not prevent us to use, after suitable testing, the method for explicit numerical propagation in concrete problems. Now if the initial state ψ 0 is localised in phase space around a point (p, q) ∈ Λ 0 , so that the estimate (80) no longer holds, then it is natural to approximate V (t) by taking only the behaviour of its generator δH(t, ξ, x) near (p, q) into account. By (73) we have δH(t, p, q) = 0 and ∇δH(t, p, q) = 0, hence the simplest nontrivial approximation is quadratic, with z = (ξ, x) and z 0 = (p, q) we have
The time evolutionM p,q (t) generated by δH 2 (t) via i ∂ t M p,q (t) = δH 2 (t)M p,q (t) and M p,q (0) = I is a metaplectic operator since the generator δH(t) is the quantisation of a quadratic function on phase space. Therefore for ψ strongly localised around (p, q) we expect V (t)ψ ≈ M p,q ψ and hence we have arrived now at the more general version of (34), which reads
if ψ is concentrated in phase space at (p, q) as in (25) . The relation of M p,q (t) to M q (t) follows from (83), if H 1 is of the form (82) we find that
0 M q (t)e
where p = ∇S 0 (q) and S
is the quadratic part of the Taylor expansion of S 0 around x = q.
Since M p,q (t) has a quadratic generator it is the quantisation of a linear symplectic map P p,q (t) on T p,q (R n × R n ) and by construction this map can be expressed in terms of the linearisations of the maps Φ t and Φ t 1 . Since V (t) = U −1
(t)U (t) we can view V (t) as a quantisation of the map (Φ
−1 • Φ t , and M p,q (t) is then the quantisation of the linearisation of that map around p, q, i.e., P p,q (t) = (dΦ
Since Φ t and Φ t 1 are identical on Λ we have that P p,q (t)| Tp,qΛ0 = I, hence P p,q is a shear relative to the tangent space T p,q Λ 0 of the initial Lagrangian manifold at (p, q).
In case that H 1 is given by (82) the map P p,q (t) can be described in some more detail. Note that since H 1 in (82) contains only a linear term in the momentum we find that Hamilton's equation for H 1 givė
that means the trajectory of x under Φ t 1 does not depend on the initial momentum ξ. Hence Φ t 1 maps vertical subspaces into vertical subspaces, i.e., dΦ
, where for z = (p, q) we set V z = {(ξ, q) , ξ ∈ R n }. Therefore the map P p,q (t) satisfies
and as we show in Appendix B this implies that the knowledge of the Lagrangian subspace (dΦ t ) −1 (V Φ t (p,q) ) determines the map P p,q (t) −1 and hence P p,q (t) uniquely. Let us look at two examples where we can determine the long time limit of (dΦ t ) −1 (V Φ t (p,q) ) from dynamical conditions.
(a) If we have a one-dimensional system and ∂ 2 H/∂p 2 > 0, then the velocity increases with p and hence (dΦ
, q ∈ R} we can use the result from Appendix B and see that for large t the map P p,q (t) tends to a limit P ∞ p,q and therefore the corresponding metaplectic correction M p,q (t) tends to a limit, too. (b) If the trajectory through (p, q) is hyperbolic and the vertical subspaces V z are transversal to the unstable subspaces V u z along the trajectory, then (dΦ t ) −1 (V Φ t (p,q) ) tends to the stable subspace V s p,q for large t, and at an exponential rate if the hyperbolicity is uniform. So in this situation we find that for large t the map P p,q (t) tends to a limit P ∞ p,q which is uniquely defined by the conditions that P ∞ p,q | Tp,qΛ0 = I and P ∞ p,q (V s p,q ) = V p,q . Therefore in this situation the metaplectic correction tends for large t to a limit, too, and expontially fast if the hyperbolicity is uniform.
Examples
In order to illustrate how the theory we developed in the previous sections works, it is very instructive to look at a couple of simple examples. They will allow us to understand in more detail the interplay among the classical dynamics, the choice of an initial Lagrangian manifold and the analytical constructions we developed.
The free particle
The first example we look at is the free particle in 1 dimension, with Hamilton operator − 2 2 ∆. We want to propagate a state that is initially localised at (p, q) ∈ R 2 , where p ≥ 0. As initial phase function we choose
where α ∈ R is a real parameter. The corresponding Lagrangian manifold is
which is a line through (p, q) with slope α. The corresponding classical Hamilton function is H(ξ) = 1 2 ξ 2 and the Hamiltonian flow it generates is given by Φ t (ξ, x) = (ξ, x+tξ). Applying the flow to Λ 0 gives Λ t = Φ t (Λ 0 ) = {(p+αx, q+x+t(p+αx)) , x ∈ R} and by replacing x by x/(1 + αt) this can be rewritten as
which is a line through (p, q(t)) = Φ t (p, q) with slope α(t). Notice that if α < 0, i.e., if the initial line has negative slope, then α(t) → ∞ for t → −1/α, this means that the line Λ t turns vertical, hence we have a caustic. But if α ≥ 0, then α(t) ≤ α for all t ≥ 0, and no caustics occur. The phase function which generates Λ t and satisfies the Hamilton-Jacobi equation with initial condition S 0 is given by
To find the transport operator we have to find the map φ Λ (t,
Λ0 (x)). To this end we notice that π
) and the final projection just takes the second component, therefore
Since φ Λ (t, x) = (1 + αt) the condition α ≥ 0 guarantees that φ Λ is non-contracting and we get φ −1
. Therefore the action of the transport operator reads
which for α ≥ 0 is well defined for all t ≥ 0. In order to compute the metaplectic correction, which is generated by (49), we notice that A(t, x) = (1 + αt) −2 is independent of x, hence we have
Then the metaplectic correction (55) is
where the time dependent factor in the exponent comes from the integration of the time dependence in ∆(t),
. We see that in particular, as we observed at the end of Section 5, that the operator tends to a limit for large t,
We computed all the elements in our extended time dependent WKB propagation scheme for the free particle. Let us apply this to an initial state
with a t = D q (t)a 0 and since D q (t) tends to a limit for large t, we have that a t ∈ S(R) with bounds uniform in t ∈ R + . Hence we find
with
Since the Hamiltonian is quadratic this expression is actually exact, the remainder terms are zero. Notice that the behaviour of the amplitude A(t, x) depends on the size of 1/2 (1 + αt), which determines the Ehrenfest time scale (8) . If 1/2 (1 + αt) → 0 the amplitude becomes concentrated, but if 1/2 (1+αt) ∼ 1 then the amplitude A(t, x) is a smooth function and ψ(t) becomes actually a Lagrangian state.
Let us note that for the special case that our initial state is a Gaussian coherent state,
our result is identical to the one obtained by the standard propagation of coherent states, since the Hamiltonian is quadratic. The only difference is that we derived it in a different way. But it was still instructive to go through the derivation since it highlights a few important points: We can rewrite the state using the phase function S 0 from (90) as
and then applying (98) and (99) gives us the propagated state. But since the initial state is independent of α, the final result is independent of the choice of α, too, i.e., of the initial Lagrangian sub-manifold used to propagate the state. But the intermediate steps depend on α, first of all, we needed to choose α ≥ 0 in order to avoid caustics, then the choice of α determined how we split the evolution into transport, implemented by the operator T (t), and dispersion, represented by D(t) = M 0 (t). The simplest choice would have been α = 0, then Λ 0 is horizontal, and actually invariant under the classical flow. In this case T (t) is defined by transport along one central trajectory, and all the dispersion is described by D(t). If α > 0, then Λ 0 is transversal to the flow and the action of T (t) takes actually a family of trajectories into account. Since these trajectories move with different speed, this already accounts for part of the dispersion of the wavepacket, and the operator M (t) has only to add the dispersion transversal to Λ t . This is reflected by the fact that the coefficients of ∆(t) tend to 0 for large t, and fast enough so that the limit
actually exist if α > 0. This means that for large t we can replace M 0 (t) by its limit and still get a good approximation of the propagated state. This is why α > 0 is preferable to α = 0, in particular if we extend these construction to more general systems.
In addition, the fact that for α > 0 the coefficients of ∆(t) tend to 0 for large t reflects the property that the map φ Λ is expanding, this has as well consequences for the size of the remainder term if we add higher order terms to the Hamiltonian. To study this effect will be the main focus of the next example.
Integrable systems
Let us look now at a more general Hamiltonian which is a function of the momentum only, but not necessarily quadratic anymore, so H = H(ξ), and we will assume that for ξ > 0 we have H (ξ) > 0 and H (ξ) ≥ 0. This is the form a Hamiltonian of an integrable system takes in action-angle coordinates.
The classical dynamics is given by Φ t (ξ, x) = (ξ, x + tH (ξ)) and by the condition H (ξ) ≥ 0 the velocity H (ξ) can not decrease with increasing ξ. This implies that if we take again an initial phase function of the form S 0 (x) = px + αx 2 /2 then the corresponding Lagrangian submanifold does not develop caustics for
so if α > 0 and H > 0, then φ Λ (t, x) is actually expanding. Since the flow is now no longer linear, Λ t is no longer a straight line and we do not attempt to find an explicit expression for S(t, x), but rather take it as defined by the HamiltonJacobi equation. But we observe that since Λ t = {(∇S(t, φ Λ (t, x)), φ Λ (t, x))} we have ∇S(t, φ Λ (t, x)) = p + αx = ∇S 0 (x) which is of course a consequence of momentum conservation.
Having the phase function and the map φ Λ (t), and therefore the transport operator T (t), we have the ingredients of the standard WKB propagation, and now we want to compute the metaplectic correction for an initial state localised at (p, 0). Here we have to use the generalised formulation from Section 5 since the Hamiltonian is no longer a sum of a quadratic kinetic energy term and a potential. The transport operator is the quantisation of the map Φ
and so the operator δH has symbol δH(t, ξ, , x) ) and the O t ( 2 ) term comes from Egorov's theorem. Therefore using ∇S(t, φ Λ (t, x)) = ∇S 0 (x) we find
Since the point (p, 0) corresponds to ξ = 0, x = 0 we find using (103) that the generator of the metaplectic correction is δH
(1+αtH (p)) 2 ∆ and hence
We observe the same phenomenon as in the free case, for α > 0 the large t behaviour has a limit. But now this is as well reflected in the behaviour of the remainder term which is determined by the size of
and since the time integral of this quantity is bounded we get for a coherent state ψ 0 concentrated at (p, 0) that
Here we made the assumption that we can control as well the remainder term O t ( 2 ) from the application of Egorov's theorem, which seems likely since the transport operator has still a simple form. But we leave a detailed investigation to a future publication. This is in contrast to the standard coherent state propagation which can only work if |t| √ 1, since T E = 1/ √ for an integrable system. The physical reason for this is that for t √ ∼ 1 the state U 1 (t)M (t)ψ 0 is no longer a coherent state but has become a Lagrangian state, i.e., there is a qualitative change in the nature of the state at the Ehrenfest time.
A parabolic barrier
Let us now look at a case with a hyperbolic trajectory, let H(ξ, x) = 
where λ := √ V 0 > 0 is the Liapunov exponent. The origin is a hyperbolic fixed point with stable and unstable manifolds given by
Let us first choose an initial state localised on the fixed point, i.e., at (0, 0). An initial phase function S 0 (x) = α 2 x 2 /2 corresponds to Λ 0 = {(αx, x) , x ∈ R} and the transported manifold Λ t = Φ t (Λ 0 ) can be written as
The corresponding phase function is S(t, x) = α(t)x 2 /2 and we find furthermore
and therefore ∆(t) = (αλ
The manifold Λ t does not develop a caustics if α ≥ −λ. The case α = −λ is special since then Λ t = V s , i.e., Λ t = Λ 0 is invariant and equal to the stable manifold. In this case the manifold is contracting, but for all α > −λ the manifold is noncontracting. The case α = λ is as well special since then Λ t = V u for all t, so the initial manifold is the unstable manifold, in all other cases Λ t → V u for large t. These different cases are as well reflected in the behaviour of T (t) and M (t). For α = −λ we have φ Λ (x) = e −λt x and hence
The transport operator T (t) is squeezing at an exponential rate, and the metaplectic correction has to make up for this at an exponential rate, too. In contrast, if α > −λ we have αλ
and so x) ) is stretching at an exponential rate. The metaplectic correction is given by
and tends exponentially fast to a limit. This dichotomy between the cases α = −λ and α > −λ is analogous the the one between α = 0 and α > 0 we found for the free particle. For α > −λ the metaplectic correction saturates in time, whereas for α = −λ its contribution grows exponentially. Since the Hamiltonian is quadratic both cases give exact solutions, and the different initial manifolds only correspond to different ways to split the time evolution. But as in the integrable case, if we move to a perturbation the contracting case α = −λ gives remainder terms which blow up, whereas the expanding cases α > −λ give remainder terms which remain bounded by √ independent of time. So far we have looked at an initial state which is concentrated on top of the barrier, let us now look at a initial state localised at (p, q) wit q < 0 and p > 0, hence an incoming state. The question of interest is then if this state gets transmitted or reflected, and how one can describe the transition between reflection and transmission uniformly if one changes (p, q). We chose an initial phase function S 0 (x) = p(x − q) + α(x − q) 2 /2, which again for α > −λ gives an expanding initial manifold Λ 0 . For simplicity we will choose α = λ, i.e., Λ 0 = (p, q) + V u , the general case α > −λ can be treated similarly. From computing Φ t (∇S 0 (x), x) we find
where q(t) = λ −1 p sinh(λt) + q cosh(λt), and therefore
For the phase function we find
and L(t) = t 0
(pq − H(p, q)) dt. We see that M (t) again tends with exponential speed to a limit M ∞ = e i 2 1 2λ ∆ . The behaviour of T (t)L q a depends crucially on e −λt / √ , for small time this parameter is large, hence the state is localised, but for
i.e., on Ehrenfest time scales, the function T (t)L q a is no longer strongly localised and the transported wave packet is actually a Lagrangian state associated with
Where this state moves depends on q(t), and for long times we have
so the behavior of q(t) depends on the value of p+λq. The case p+λq = 0 corresponds to initial conditions (p, q) in the stable manifold V s of the fixed point at (0, 0), and so the trajectory runs into the fixed point and the Lagrangian state is for long times located on the unstable manifold V u . The case p + λq > 0 gives a wave packet which is transmitted over the barrier and the case p + λq < 0 corresponds to a wave packet which is reflected. The strength of our approach is that we can describe the transition between these different cases in a uniform way given by (117). We studied a simple example here, but the method works for general potential barriers and allows to describe the transition between reflection and transmission of time dependent wave packets in a uniform way.
Such processes are of great importance in the theory of chemical reactions and we expect that our method could be of great use in the theoretical and quantitative description of time resolved chemical reactions which are experimentally accessible in femto and atto chemistry [34, 35] . A first step will be to analyse the transport of wave packets over barriers, or more generally through bottlenecks in phase space, using the method of Quantum Normal Forms recently developed in [36, 37] .
Transport along a hyperbolic trajectory and its unstable manifold
In this section we want to discuss the case that the initial coherent state is concentrated in a point z = (p, q) on a hyperbolic trajectory z(t) = Φ t (z). As a test system we choose the kicked harmonic oscillator
where K is the chaoticity parameter which we will choose to be K = 2. This system has as well been used in [24] . In part (a) of Figure 1 we show a portrait of the classical phase space, the system has a an unstable fixed point at the origin and we display the unstable manifold. The Liapunov exponent of the unstable fixed point is λ = 0.83... and we use = 0.0008, so the Ehrenfest time is
As initial state we choose a Gaussian wavepacket centred on the fixed point at the origin:
In Fig. 1 (b) we display the Wigner function of the time evolved state at t = 4 which can be seen to be stretched along the unstable manifold. As expected at the Ehrenfest (b) (a) time the state becomes a WKB type state associated with the unstable manifold. For comparison the real part of the time evolved wave function ψ(t) is plotted in part (c) of Fig. 2 .
The prediction of the theory in Section 3 is that, after a suitable metaplectic correction of the initial amplitude, the state can be propagated using standard time dependent WKB approximation . This means that, if we decompose the initial state as
then the evolved state is by (19) and (34) given by
Here S(t, x) is the solution of the Hamilton-Jacobi equation satisfying S(0, x) = S 0 (x). The operators T (t), D(t) and M 0 (t) also depend on the choice of S 0 (q). Even if according to Section 4.4 this choice is, to some extent, arbitrary, the efficiency of the method may be sensitive to S 0 (x). We shall only consider the quadratic case S 0 (x) = tan θ 2 x 2 , corresponding to a linear Lagrangian manifold p = tan(θ) q. We shall see that there is a wide range of initial manifolds that work well.
Note that Eq. (126) is equivalent to saying that the sequence of operations
must produce approximately a Gaussian state centred at 0, for a Gaussian initial amplitude a 0 (x). This is the first test we shall carry out, with the choice There is a small difference between the phases, but this occurs in a region where the amplitude is very small. We show as well a direct comparison between the exact and the metaplectically extended WKB propagated states in part (c) and (d) of Fig. 2 . The agreement is excellent. We will now investigate how robust the method is with respect to the changing the choice of the (linear) initial WKB manifold. We have changed the slope θ in a range of almost 90 degrees, from θ = −0.30π/2 to θ = 0.65π/2. The comparison between exact and metaplectically extended WKB at t = 4 are shown in Fig. 3 . Except for very slight differences (blue triangles) the agreement is still excellent for these "large" slopes. As we increase the slope, the amplitude concentrates in narrower regions. This happens because, the larger the slope, the map induced in the q-coordinate by the WKB manifold is more expansive, and T * is more contracting. We tested the theory as well for different values for and found good agreement with the expected behaviour (not shown).
Conclusions
In this paper we derived an extension of the standard time dependent WKB method which can be applied to highly localised states like coherent states. It allows to describe in a uniform way the transition in time from a semiclassically highly localised coherent state to an delocalised Lagrangian state which takes place at the Ehrenfest time.
The main idea on which this extension of time dependent WKB theory is built is an exact decomposition of the time evolution of an initial state of the form ψ 0 (x) = A 0 (x)e i S0(x) , where S 0 is real valued, into several parts
Here S(t) is a solution of the Hamilton Jacobi equation and is hence related to the transport of the Lagrangian manifold Λ 0 generated by S 0 through phase space. The unitary operator T (t) transports functions in position space along the projections of the phase space trajectories emanating from Λ 0 . Finally D(t) is the propagator generated by the time dependent Hamiltonian − 2 T * (t)∆T (t)/2. S(t) and T (t) are defined purely in terms of transport along classical trajectories and D(t) takes into account the dispersive effect of quantum mechanics.
The standard time dependent WKB approximation is obtained by approximating D(t) ≈ I, this works fine if the amplitude A 0 is sufficient flat, i.e., has bounded derivatives. But for a coherent state A 0 is strongly localised around a point x = q, then it is more natural to freeze the coefficients of the generator of D(t) at x = q, the resulting operator is a metaplectic operator M q (t) whose action on functions can be computed quite easily. The main result of this paper is thus
which is valid for amplitudes A 0 which are strongly localised around x = q. In order to justify the validity of this approximation for long times, particularly on Ehrenfest time scales, we had to analyse the underlying classical dynamics more carefully. We introduced a non-contraction condition on the position space trajectories emanating from a neighbourhood of the initial state with momenta p = ∇S(x), and if this condition holds our propagation scheme is effective. The non-contraction condition excludes caustics, but we have a large freedom in the choice of the initial phase function S(x) which allows in many cases to avoid caustics, at least until the state becomes delocalised. For times shorter than the Ehrenfest time our scheme reproduces the standard coherent state propagation results based on a Taylor expansion of the Hamiltonian around the centre trajectory. But for times of the order of the Ehrenfest time we find that the state becomes extended and a Lagrangian state, which in the chaotic case is supported by the unstable manifold of the centre trajectory. From that time onwards standard time dependent WKB theory applies, as has been observed in [24] . In particular if the system is hyperbolic and mixing one can apply the results from [28] to conclude the state becomes equidistributed after the Ehrenfest time.
In order to extend the results to more general Hamiltonians, and to be able to include caustics, we noticed that standard time dependent WKB approximation can be viewed as the exact quantum time evolution generated by a quantisation of a first order Taylor approximation of the Hamilton function around the Lagrangian manifold associated with the time evolved WKB state. Based on this insight we could now choose different first order approximations which remained valid for general Hamiltonians and at caustics. The price one has to pay is a more complicated and less explicit formalism. In addition all the previous results were in principle rigorous, although we refrained from stating them in the form of theorems, but here we have to rely on an assumption that certain special cases of Egorov's theorem remain valid on Ehrenfest time scales. But we get a further benefit from this more general way to look at the time dependent WKB approximation, we can show that the classical map associated with the metaplectic correction M q (t) is a shear map on phase space and that it furthermore in many cases converges to a limit for large t which can be determined from simple geometric considerations. This implies that in many cases We illustrated and tested the theory with several examples. For the free particle, and more generally, for integrable systems, the dynamics can be computed quite explicitly. The Ehrenfest time is of order T E ∼ −1/2 and we see a qualitative transition in the nature of the state from a localised coherent state to an extended WKB state at this time scale. Similarly for a parabolic barrier the dynamics can be computed explicitly and the formalism developed in this works gives explicit formulas which describe in a uniform way the transition from reflection to transmission of a wavepacket when one varies the energy near the critical energy. We then carried out detailed numerical tests on the kicked harmonic oscillator for an initial state localised on a hyperbolic fixed point. These showed impressive agreement between the metaplectic extension of the WKB method and exact quantum propagation. These tests illustrated as well the simplicity of the method; the metaplectic correction is in fact a very simple operator, and if one has implemented the time dependent WKB method then adding the metaplectic correction is easy and allows at once to propagate a much larger class of states.
There are many areas where the results from this paper should be of interest. In many physical system the Ehrenfest time is for a realistic set of parameters actually quite short. E.g., in quantum billiards coherent states spread out after a few bounces, [22, 23] , and the metaplectic extension of WKB should be able to describe this transition. The scattering of a wavepacket of a barrier near the critical energy is another example, the Ehrenfest time is the time when the wavepacket reaches the barrier, i.e., the time where the physically interesting processes start to happen. Metaplectically extended WKB allows to describe this process explicitly and uniformly in and t. A large class of chemical reactions is described in the framework of Transition State Theory by the crossing of a barrier on a high dimensional energy surface and modern experimental methods in atto and femto chemistry allow to study the dynamics of such chemical reactions with impressive precision, [34, 35] . The metaplectic extension to WKB together with the normal form approach to Transition state theory, [36, 37] , should allow to give an efficient theoretical description of chemical processes on such time scales.
Appendix A. Wigner Weyl correspondence
In this appendix we collect some material on Weyl quantisation which we use in the main part. Most of it is a development of standard material and only the result on Egorov's theorem seems to be new. References for the material we present are [29, 30] . is called the Weyl symbol ofÂ, and the properties ofÂ can often be determined from properties of A, e.g., if A ∈ S (R n × R n ), thenÂ : S(R n ) → S (R n ). IfÂ = |ψ ψ| is the projection onto a state ψ, then A(ξ, x) is proportional to the Wigner function of the state ψ.
The product of operators can be expressed in terms of the symbols, one has
